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Recurrence rules are derived for enumerating the linked diagrams first 
encountered by Touchard in 1952. These may be characterized as the subclass 
of irreducible diagrams in the full set of (2n - l)! ! complete pairings on 
2n points. In addition, a recurrence rule is given for the number of symmetric 
irreducible diagrams. This enables one to calculate the number of symmetry- 
reduced irreducible diagrams. 
1 
The diagrams treated in this paper are defined as follows. Take 2n labeled 
points on the line, in their natural order, and introduce a set of II arcs, each 
arc connecting exactly two points, with no two arcs adjacent to the same 
point. The resulting configuration will be called a complete pairing on 2n 
points. Such a diagram can obviously be specified by listing the pairs defined 
by the n arcs; this will be called the pair representation. For example, if 
n = 3, 2 of the possible 15 pairings are shown in Fig. 1. 
a) (14)(26) 
(35) 
b) (13) (26) 
(45) 
123456 
123456 
FIGURE 1 
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It is clear that the total number of complete pairings on 2n points is 
T, = (2n - 1) ! ! = (2n - 1)(2n - 3) .*. 3 . 1. (1.1) 
The totality of diagrams can be partitioned into two classes 
the first class consisting of irreducible diagrams, the second of reducible 
diagrams. The intuitive notion of a reducible diagram is simple; from such 
a diagram we can remove one or more subdiagrams without altering the 
number of arc crossings (cf. Fig. lb, where we may remove the pair (45)). 
If this cannot be done, the diagram is said to be irreducible (Fig. la). To give 
a formal definition, we introduce the notion of an interval. 
DEFINITION. An interval belonging to the ordered set {1,2,..., 2n) is a 
nonempty subset of cardinality 2j < 2n such that the 2j point labels are 
consecutive. 
Thus a typical interval would have labels i, i + l,..., i + 2j - 1. In this 
paper we consider only subsets of even cardinality, since a complete pairing 
requires an even number of points. 
DEFINITION. A diagram on 2n points is called reducible if there is a subset 
ofj < n arcs constituting a complete pairing on an interval. In the contrary 
case, the diagram is called irreducible. 
Historical note. Diagrams of the kind treated here were apparently 
first considered by Touchard [l]. One of his aims was to classify and 
enumerate them according to the number of arc crossings (see also [2]). 
We shall not be concerned here with that problem, nor shall we make use of 
any of Touchard’s analysis. 
2 
We now state and prove a recurrence rule for the number S,, of irreducible 
diagrams on 2n points, viz: 
S n+1 - -LYl!“~an!j=, 
fi [(2j - 1) Sjrj (2.1) 
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where the sum runs over all partitions of n in signature form: 
(2.2) 
Actually, as the multinomial factor shows, the sum is really over com- 
positions; for example: 
s, = 5s, + 3&S, -I- 3&S, + S,“. 
The recurrence rule (2.1) as it stands is not very convenient for numerical 
calculation. Before proving it, we show that it is equivalent to a much simpler, 
though less combinatorially obvious, recurrence. The following observation 
is due to John Riordan (private communication). Define a set of integers 
Sl = L&,S, a** recursively by means of the expression 
( ~lS&i-l)(l -!7(2j- 1)%x’)= 1. (2.3) 
Dividing both sides by the second bracket, expanding the resulting fraction 
on the right, and equating powers of x we obtain (2.1). On the other hand, 
if we multiply the brackets together and again equate powers of x we get 
U-1 
S, = (n - 1) 1 SJ,, , s,= 1. 
5=1 
(2.4) 
The two recurrences are therefore completely equivalent. Though (2.4) is 
much the simpler of the two, we elect to prove (2.1). 
In order to facilitate the proof we first define a single-centered nested 
diagram on 2n points. Consider the ordered sequence Si, , Sis ,..., &, , 
& ij = n, with S,,, being as usual the number of irreducible diagrams on 
2m points, i.e., the cardinality of the set (Sm}. Let s, stand for any element of 
{S,}. We choose representatives sil , Sil ,..., sik which we order as indicated; 
the number of ways of picking such an ordered set corresponding to the given 
sequence is the product SIISi, *.a &, . Now any diagram on 2m points has 
2m - 1 spaces, or “slots,” between the points. Our first step is to insert the 
whole diagram s5, into one of the 2i,-, - 1 slots of the diagram Si , thus 
producing a new diagram with appropriately altered labeling. ThuiTlif scml 
is (13)(24), and Sik is (15)(24)(36), one of the three possible results of this 
insertion would be the diagram of Fig. 2. We then take the composite 
(reducible) diagram produced by the first step and insert it into one of the 
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2i,-, - 1 slots of si,-, . Iterating this procedure, we arrive at a single-centered 
nested diagram on 2n points. In this case the “center” is the diagram si, , 
it is the only complete pairing on an interval of {I, 2,..., 2~2). This algorithmic 
procedure could be described in the pair representation (insertion of pairings 
and relabeling), but the resulting scheme is cumbersome and, for our 
purposes, unnecessary. 
I 2 3 4 5 6 7 8 9 10 
FIGURE 2 
The number of such nested diagrams that can be formed from a given 
ordered sequence of sij’s is ‘@It (2ij - 1). Unless k = 1, any such diagram 
is clearly reducible. To produce an irreducible diagram we insert two new 
points, one in one of the 2i, - 1 slots of si, and one to the right of the whole 
composite diagram. Connecting these points by an arc, we construct a new 
irreducible diagram on 2n + 2 points, i.e., a member of {S,,,). To illustrate 
with a trivial case, we refer to Fig. 3. The new diagrams are irreducible only 
* -,-,-, Y--x--*- 
FIGURE 3 
because the nested diagram is single centered; if it contained more than one 
completely paired interval, it could not be made irreducible by addition of 
a single arc. 
If we take all possible representative sequences corresponding to the given 
ordered sequences of Sills, and carry out this process of diagram insertion 
and introduction of a new arc, we obtain a total of n;,, (2ij - 1) Sij irre- 
ducible diagrams. If we further sum over all orderings of the given sequence 
and over all choices of labels (i.e., over all compositions of n), we get precisely 
the right-hand side of Eq. (2.1)-call it N,,, . (We include, of course, the 
case k = 1 of a single irreducible part; in this case the single original diagram 
is its own center). Then, since every diagram so produced is irreducible, and 
no diagram is produced more than once (otherwise deleting the arc would 
not give a unique result), we have 
N n+1 G srk+, . (2.5) 
On the other hand, if we run through all members of {S,+1} and remove the 
right-hand arc we get in every case a single-centered nested diagram (other- 
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wise the original diagram would not be irreducible). Since the construction 
leading to N,+l includes all possible single-centered nested diagrams on 2n 
points, we must have 
S n+l < Nn+, . (2.6) 
Therefore, S,,, = N,,, , and Eq. (2.1) is proved. 
3 
We remark that the values of S, are easily computed by means of Eq. (2.4) 
(see Table I). To be sure, the numbers grow rapidly; for example, S,,, N 
1.369 x 10306. It has, however, been verified directly that better than 10 
digit accuracy is attained by performing the whole calculation in double 
TABLE I 
1 1 1 
2 1 1 
3 4 2 
4 27 7 
5 248 22 
6 2830 96 
7 38232 380 
8 593859 1853 
9 10481712 8510 
10 202601898 44940 
11 4342263000 229836 
12 101551822350 1296410 
13 2573779506192 7211116 
14 10282204726396 43096912 
15 2057490936366320 256874200 
16 64291032462761955 1617413773 
17 2136017303903513184 10226972110 
18 75197869250518812754 67542201972 
19 2796475872605709079512 449809389740 
20 109549714522464120960474 3104409032126 
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precision (on a CDC 6600) up to at least n = 156 (an exact integer calculation 
was compared with the rounded-off calculation). The numbers strongly 
confirm an asymptotic result announced by Kleitman [3] some years ago, 
namely, 
$ff (2n ” l)! ! = e-‘. (3.1) 
A detailed proof of Eq. (3.1) is given in a separate paper [4]. Note that this 
relation asserts that for large n the irreducible diagrams constitute just under 
37 % of the total-a result somewhat at variance with intuition. 
4 
The enumeration of complete pairings can be elaborated by defining 
equivalence classes with respect to various symmetry groups. For the full 
set {r,} this can become quite complicated. If, for example, the diagrams 
are thought of a as representing the subclass of Venn diagrams that can be 
drawn in the plane using only circles, one can enumerate the latter by identi- 
fying complete pairings that differ only by (a) the order of their disjoint parts, 
and by (b) the order of sets of completely paired intervals in a given slot. 
This enumeration problem will be the subject of a third paper (with N. 
Metropolis). For irreducible diagrams, however, the situation is simpler. 
Here the only “natural” symmetry is mirror symmetry. The recursive 
enumeration (2.1) or (2.4) counts mirror images as distinct. For example, 
in the construction used to prove Eq. (2.1), the diagram (15)(24)(36) is the 
(single) contribution to (S,) arising from the partition 12, while its mirror 
image comes from the partition 2. One simple way to “symmetry reduce” 
the set {S,} is to give a direct recursive construction for ugn , the number of 
symmetrical irreducible diagrams on 2n points (ye use the subscript 2n 
here rather than IZ for convenience in the subsequent formulas). 
Symmetric diagrams are, of course, the same when read in either direction. 
This means that the pair representation of such a diagram is invariant 
(except for the order of the pairs) under the point mapping i -+ 2n + 1 - i, 
i = 1, 2,..., 2n (e.g., the diagram (13)(25)(46)). Having determined (se, , 
we then have that Sn*, the number of symmetry-reduced irreducible diagrams, 
is given by 
s n * = sn ; u2n .+ u2n = ST8 ; 02n . (4.1) 
In the next section we give the recurrence for u2n along with a sketch of 
the proof; the reader should have little difficulty supplying the omitted 
details. 
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5 
The recursive construction of {o,,} out of smaller parts is analogous to 
that used in deriving Eq. (2.1); here, however, we add two new arcs rather 
than one, and the diagrams to which they are added are constrained to be 
symmetric, Briefly, we take a certain subclass of symmetric diagrams-to 
be specified below-and add four new points: two external points, one at 
each end, and two interior points symmetrically located in the slots of the 
diagram. These are then connected by arcs. If the symmetric diagram is 
nondisjoint (definition below), the arcs can be drawn in two ways for each 
location of the interior points, as shown schematically in Fig. 4. 
The second method (Fig. 4b) is called cross-linking. 
FIGURE 4 
DEFINITION. A diagram on 2n points is disjoint if it consists of k > 1 
complete pairings on intervals of size 2ml ,2m, ,..., 2mk:, C,“=, 2mi = 2n. 
In the contrary case, the diagram is nondisjoint. For example, the diagram 
(13)(24)(56) is disjoint, while those of Fig. 1 are nondisjoint. 
It is clear that to get an irreducible diagram from a disjoint diagram by 
the procedure described above we must have k = 2, and we can use only 
cross-linking. In the present application-the construction of symmetrical 
irreducible diagrams-the two parts of a disjoint diagram must be mirror 
images of each other (this includes the case where a part is symmetric, 
i.e., is its own mirror image). Furthermore, each part must be a single- 
centered nested diagram on n - 2 points; hence n must be even. A simple 
example is illustrated in Fig. 5. 
Here the two mirror-image diagrams (a) and (b) from {S,} are combined 
to give (c), a member of {a,,}; there are four others corresponding to the 
four other symmetrical locations of the two interior points. An additional 
5 are obtained on exchanging the 2 component subdiagrams, making a 
total of 10. The diagram (d) is a subdiagram of(c), and is a member of {S,}. 
If we sum over the full set of single-centered diagrams on six points (not 
just the irreducible ones), we generate {S,) itself; this is just the construction 
of Section 2. Of course we need count only one of the two subdiagrams like 
(d) in the diagram (c), since the other is uniquely determined. Thus the contri- 
58=/24/3-8 
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(b) 
(cl 
(d) 
FIGURE 5 
bution of disjoint diagrams to u16 is S, . The general case follows easily. 
If n is even, disjoint diagrams contribute S,,, to u2,, ; if n is odd, there is no 
contribution. 
There are two and only two other classes of diagrams which can serve 
as the central element in the scheme of Fig. 4. The simplest of these is the 
class of single-centered symmetric diagrams, and we shall deal with these 
first. They form a subclass of the single-centered nested diagrams of Section 2. 
Here the term “single centered” is to be taken literally; members of the 
ordered sequence of S~‘S are themselves symmetrical irreducible diagrams, 
and the insertion of one diagram into the preceding one a la Section 2 is 
only into the central slot. In Fig. 6 we give a simple example. This is the unique 
result of the insertion algorithm as modified for the symmetric case; the 
original algorithm of Section 2 would have produced two additional (asym- 
metric) diagrams. 
C?TY,n,CTTY- 
FIGURE 6 
The total number of symmetric diagrams on 2m points produced by 
“central insertion” is obviously given by 
PZm = C *Zi, g2i2 “’ u2ik 3 (5.1) 
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the sum running over all compositions of 2m into nonzero even parts. If 
the single center is, say, a member of {uzr}, then the two interior points can 
be symmetrically inserted into its slots in exactly r ways. This suggests 
defining a new quantity: 
(5.2) 
with the sum as in Eq. (5.1). It is immediate that the contribution of these 
single-centered symmetric diagrams on 2n - 4 points to a,, is 23rSr,,, , the 
factor 2 coming from the two distinct modes of linkage (see Fig. 4). 
Finally we must consider bi-centered diagrams. These are symmetrical 
diagrams constructed, as above, out of the (a.& except that at the lowest 
level there are two symmetrically placed single-centered diagrams which 
are mirror images of each other. Figure 7 illustrates a typical case. In other 
FIGURE 7 
words, we have a symmetrical nested sequence of elements of {Q} into which 
is symmetrically inserted a disjoint subdiagram of the special type described 
in the beginning of this section. Combining the arguments given there with 
those used in discussing the single-centered case, we find that the contri- 
bution to uzlz of b&centered diagrams is 
n even, 
(5.3) 
n odd. 
Here again the factor 2 represents the two linkage possibilities. As it happens, 
the quantities rrznr can themselves be calculated by recursion: 
=2nz = C j =2i p2m--2j 2 
j-1 
(5.4) 
7To=TT2=po=p2=a2=a4= 1. 
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We leave the simple details to the reader. Collecting these results we have: 
n-4 
2 c n even, 
m=2,4,... 
02n = 2T2,-4 + 
I 
(5.5) 
n-4 
2 1 n odd, 
m=1,3,... 
with rzm defined recursively by (5.4), and S, given by (2.4). Numerical 
values of uZn are included in Table I. 
In keeping with the sketchy nature of the above derivation, we omit the 
proof that Eq. (5.5) actually enumerates the full set {u2J; it is, of course, 
a straightforward elaboration of the proof of Eq. (2.1). Doubters may be 
reassured to learn that Eq. (5.5) has been checked through 2n = 30 by a 
direct algorithmic calculation using the pair representation (nested construc- 
tion of symmetrical pairings, with detection-rejection of completely paired 
subintervals at each level). 
The values tabulated in Table I suggest that a,,,& -+ 0, and rather rapidly. 
This is indeed the case (see Part III); it is the analog of the well-known 
statement that “almost all” linear graphs are asymmetrical. 
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